In this paper we prove that any weak solution v to the incompressible Navier-Stokes/Euler equations in R N , N ≥ 3, corresponds to v = 0 almost everywhere on
Introduction
We are concerned on both of the Navier-Stokes and the Euler equations on R N , N ≥ 3. where v(x, t) = (v 1 (x, t), · · · , v N (x, t)) is the velocity, p = p(x, t) is the pressure, f = (f 1 (x, t), · · · , f N (x, t)) is the external force, and ν ≥ 0 is the viscosity. When ν > 0 the system (NS, E) becomes the Navier-Stokes system, which will be denoted as (NS). In the case ν = 0 we denote the corresponding Euler system by (E). Given a, b ∈ R N , we denote by a ⊗ b the N × N matrix with (a ⊗ b) ij = a i b j . For two N × N matrices A and B we denote A : B = In R N we define weak solutions of the Navier-Stokes(Euler) equations as follows.
Definition 1.1 We say the pair
) is a weak solution of (NS, E) on R N × (0, T ) if
of the Navier-Stokes/Euler equations with
for some q ∈ (0, 1], where H q (R N ) denotes the Hardy space on R N . In [2] the assumptions for the velocity and pressure are made with some weight functions to deduce triviality of the weak solution. As far as the author knows the only previous study of the Liouville type of theorems for the Navier-Stokes equations is by Koch, Nadirashvili, Seregin andŠverák in [9] , which are in completely different fashion from those in [1, 2] and the main theorem here. As for the Euler equations we mention the paper by Jiu and Xin( [7] ), where a Liouville type of theorem is proved for the 3D axisymmetric Euler equations without swirl('quasi 2D' Euler system)). Comparing our result in this paper to those in [1, 2] , we do not impose any assumption on the pressure, and our Liouville theorem follows from assumptions on the integrability and decay near infinity of the velocity only. More precisely our main result for the Navier-Stokes/Euler equations is the following.
Remark 1.1
The above theorem can be applied straightforwardly to the stationary solutions of (NS,E) as follows. Let (V, P ) be a weak solution of the system in R N , N ≥ 3, 6) where
implies V = 0. In particular, if we choose
in (1.6), then, since div F = 0, the similar non-existence result of weak solution V of the system,
also holds for V satisfying the condition (1.7). We observe that for α = 1 the system (1.8) reduces to the Leray system( [10] ), which is satisfied by (V, P ) if (v, p) given by
solves the Navier-Stokes system. On the other hand, in the case of ν = 0 the system (1.8) reduces to the self-similar Euler system, which is satisfied
is a solution to the Euler system. We recall that the nonexistence of nontrivial weak solution V of the Leray system satisfying V ∈ L 3 (R 3 ) is proved by Necas, Ruzicka andŠverák in [13] , while the case V ∈ L q (R 3 ), 3 < q ≤ ∞ is proved by Tsai in [17] respectively(see also [12] for later refinement). The above argument shows that Theorem 1.1 establishes as a corollary the nonexistence of nontrivial weak solution to the Leray system for V belonging to 'slightly smaller' classes than L q (R N ), 2 ≤ q < N, where the range of q is complementary to those covered by Necas-Ruzicka-Šverák and Tsai. For the self-similar 3D Euler system the nonexistence of nontrivial solution to is established in [5] under the condition that Ω = curl V ∈ L q (R 3 ) for all q ∈ (0, q 0 ) for some q 0 > 0. The above consequence of Theorem 1.1 shows similar nonexistence holds for the Euler equations under the integrability condition on V specified by (1.7) without any condition on Ω.
Remark 1.2
We note that the parameter s > 2 can be 'arbitrary close' to 2, while δ > N/2(s − 2) can be arbitrary close to 0 in (1.4). Thus we observe that the formal '
2 Proof of Theorem 1.1
We first outline the idea of proof. Overall idea is similar to that of [1] . In particular the treatment of velocity part is the same as that of [1] , and we introduce new methods(as far as the author knows) to handle the pressure part. We first write down the part of pressure integrals in terms of double integral representations having two cut-off functions with different expansion rate of supports. Then, we decompose the pressure integrals into 'good' parts and 'bad' parts. The 'good' parts can be controlled simply by the adjusting the expansion rate of the support of one of the two cut-off functions after an estimate using the Hardy-Littlewood-Sobolev inequality( [6, 14] )(without weight). The 'bad' parts of the pressure integrals are controlled by adjusting the weight in the weighted Hardy-Littlewood-Sobolev inequality, and combining these two part leads to vanishing of the pressure integral. We recall the weighted weighted Hardy-Littlewood-Sobolev inequality( [16] ):
where 1 < r, s < ∞, 0 < λ < N, α + β ≥ 0 and the powers α, β of the weights satisfy
Note that the case α = β = 0 in (2.1) reduces to the standard(non-weighted) Hardy-Littlewood-Sobolev inequality.
Proof of Theorem 1.1 Let us define a cut-off function
and 0 ≤ σ(x) ≤ 1 for 1 < |x| < 2.
By dominated convergence theorem we easily have
as R → ∞.
as R → ∞. Similarly
as R → ∞. In order to estimate I 4 we introduce another cut-off function
for a > 1, which will be fixed later. Note that the support ofσ R expand more quickly than that of σ R , and
We use the representation formula of the solution of the Poisson equation,
where the derivatives are in the sense of distribution. We havē 10) where
for all R > 0, we have
We estimate J 1 , using (2.1) with λ = N − 2, α = β = 0 and 2 < s < N.
as R → ∞ for a satisfying
where R j , j = 1, · · · , N, are the Riesz transform in R N , and we used the Calderon-Zygmund inequality( [15] ). In order to estimate J 2 we first integrate by part to transform it to other expression,
(2.14)
Similarly to J 1 we estimate
Note that the condition (2.16) is stronger than (2.13). Hence, hereafter we fix the free parameter a to satisfy (2.16). In order to estimate J 3 we first integrate by part to obtain
where we denoted
as R → ∞ for a satisfying (2.13). The estimate of K 2 is similar to that of J 2 , and we have
as R → ∞ for a satisfying (2.16). The estimate of K 3 is crux of the matter.
Here we use with nonzero weight in the weighted Hardy-Littlewood-Sobolev inequality, namely we choose λ = N − 2, α = 0, β = 2δ 1 and 2 < s < N in (2.1).
as R → ∞ for our δ satisfying the condition (1.4). Combining (2.11)-(2.20), we find that
The proof of I 5 , I 6 → 0 as R → ∞ is similar to the case for I 4 above, and we will be brief below pointing out only essential ingredients. Since
Hence, similarly to the previous case we have the following expressions from (2.10)
and
respectively, where σ R are replaced by (x · ∇)σ R (x) and |x| 2 ∆σ R (x) respectively. It is easy to observe that the estimates of J are similar to that of J 1 , J 2 , J 3 with obvious modifications. We just note the similarity of the estimates
for all k ∈ N ∪ {0} and r ∈ (0, ∞]. Summarizing the steps from (2.5) to the above, we find that passing R → ∞ in (2.4), we finally have
and therefore v = 0 almost everywhere in R N × (0, T ).
The MHD equations
In this section we extend the previous result on the system (NS, E) to the magnetohydrodynamic equations in R N , N ≥ 3.
(MHD)
, is the magnetic field, and v 0 , b 0 are the given initial velocity and magnetic field, satisfying div v 0 = div b 0 = 0, respectively. The external forces f = f (xt) and g = g(x, t) are given. We consider here both of the viscous and the inviscid cases ν ≥ 0, µ ≥ 0 simultaneously. Let us begin with the definition of the weak solutions of (MHD).
Theorem 3.1 Let N ≥ 3 and µ, ν ≥ 0 be given, and let (v, b, p) be a weak solution to (MHD) 
Similarly to Remark 1.1 the nonexistence of nontrivial weak solution to the stationary MHD system and the nonexistence nontrivial weak solution to the self-similar MHD system follows from the above theorem for both of the inviscid and viscous cases. In particular we have the following corollary. 
for some (s, δ) satisfying (3.3) .
We recall that the nonexistence of nontrivial weak solution (v, b, p) to the fully viscous(µ > 0, ν > 0) (MHD) in R 3 of the form (3.5)-(3.7) with α = 1 is established by Mahalov, Nicolaenko and Shilkin in [11] under the condition that V, B ∈ L 3 (R 3 ). In the fully inviscid case(µ = ν = 0), on the other hand, similar nonexistence result(for all α = −1) is proved in [3] under the condition that curl V, B ∈ L q (R 3 ) for all q ∈ (0, q 0 ) for some q 0 > 0, while in a partially viscous case(µ = 0, ν > 0) similar result is proved (for α = 1) in [4] under the condition that V ∈ L r (R 3 ) for some r ∈ [3, ∞] and B ∈ L q (R 3 ) for all q ∈ (0, q 0 ) for some q 0 > 0. The above corollary complements these results. In particular, for the other partially viscous case µ > 0, ν = 0, it provides us with completely new result on the nonexistence of self-similar solution.
Proof of Theorem 3.1 The method of proof is similar to that of Theorem 1.1 with minor modifications. Hence, we will be brief, describing only essential points. We choose the vector test function φ = ∇(|x| 2 σ R ) and
where o(1) denotes the sum of all of the other terms vanishing as R → ∞, which are 'non-pressure' parts. Taking the divergence operation of the first equation of (MHD), we obtain
Hence, we compute
Similarly to (2.10) we have the following representation formula,
Thus, using the fact σ R (x)σ R (x) = σ R (x), we obtain the representation of I A . Since N ≥ 3, we need to have v = 0, b = 0 almost everywhere in R N × (0, T ).
